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Abstract. We derive the new quasi-classical equation for the description of the spin evo-
lution of a neutrino propagating in a curved space-time and interacting with a background
matter and an external electromagnetic field. This equation is used to analyze neutrino spin
oscillations in these external backgrounds. We obtain the effective Hamiltonian and the tran-
sition probability for oscillations of neutrinos when they move in the vicinity of a rotating
black hole, surrounded by an accretion disk, and interact with an external magnetic field.
The appearance of new resonances in neutrino spin oscillations in this system is considered.
The approximate treatment of spin oscillations of radially propagating ultra high energy
neutrinos is developed. We also discuss the applications of our results to the description of
neutrino spin oscillations in realistic astrophysical media.
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1 Introduction
Neutrinos is an important ingredient of various astrophysical and cosmological media [1].
Despite their weak interaction with other particles, neutrinos can significantly affect the last
stages of the evolution of massive stars. If the mass of a star is ∼ (10 − 25) solar masses,
it can form a neutron star through a core-collapsing supernova stage with the emission of
99 % of the initial gravitational energy in the form of neutrinos [2]. Such a dense neutrino
flux is sure to influence the dynamics of the collapse [3]. A more massive star can become a
black hole (BH). A space-time around BH has an essentially nontrivial geometry leading to
the generation of a strong gravitational field, which, in its turn, can significantly affect the
behavior of emitted neutrinos.
For the first time the influence of a spherically symmetric gravitational field on the
propagation of massless neutrinos, described in frames of the Lee and Yang theory, was
considered in ref. [4]. Since then a great number of works on this subject, mainly in the
context of neutrino oscillations, have been published. Firstly, we mention ref. [5], where
the effect of a weak gravitational field was accounted for in the phase of the neutrino wave
function. On the basis of this approach the neutrino spin-flip owing to the gravity interaction
was considered. The similar idea was used in refs. [6, 7] to include various neutrino mass
eigenstates, the interaction with a background matter and an external electromagnetic field.
The evolution of a single neutrino mass eigenstate in presence of a gravitational field was
described by the classical Hamilton-Jacobi equation in refs. [6, 7]. This approach was recently
applied in ref. [8] to study neutrino oscillations in frames of the modified theory of gravity.
Although it was experimentally proven that there are several neutrino mass eigenstates
and they are mixed (see, e.g., ref. [9]), still the problem of the neutrino spin-flip within
one mass eigenstate, or neutrino spin oscillations, is of importance. The change of the neu-
trino helicity, which converts an active left-polarized neutrino into its sterile right-polarized
counterpart, can be observable if other channels of neutrino oscillations are suppressed.
A quasi-classical approach for the description of the evolution of a spinning particle in
a gravitational field, different form that proposed in ref. [5], was developed in ref. [10]. The
basic equations of this approach were modified in ref. [11] to exclude the influence of the spin
on the particle trajectory. The basic equations derived in ref. [11] were applied in refs. [12, 13]
for the analysis of neutrino spin oscillations in gravitational fields of various configurations.
In the present work we continue our previous studies of gravity induced neutrino spin
oscillations. We generalize the basic equation for the description of the neutrino spin evolu-
tion derived in ref. [12] to include the neutrino interaction with an external electromagnetic
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field and a background matter when a particle moves in a curved space-time. Although a
neutrino is an electrically neutral particle, it may interact with an electromagnetic field by its
anomalous magnetic moments [14]. Note that the quasi-classical approach for the description
of neutrino spin oscillations in matter and an electromagnetic field in the flat space-time was
developed in refs.[15, 16].
This paper is organized as follows. In section 2 we generalize the covariant equation
for the neutrino spin evolution in a curved space-time in a way to include the neutrino
interaction with background matter. We also rewrite this equation in the more convenient
form for the three vector of the neutrino spin. In section 3 we discuss the neutrino motion in
the gravitational field of a rotating BH surrounded by an accretion disk and embedded into
a magnetic field. First, we consider the neutrino motion around BH on a circular orbit with
an arbitrary radius and derive the transition probability for spin oscillations in this case.
Then, we study ultra high energy (UHE) neutrinos which propagate almost radially from
BH. The approximate effective Hamiltonian for spin oscillations of these particles is derived.
We analyze the dynamics of spin oscillations for several particular neutrino trajectories in
section 4. Finally, in section 5, we briefly summarize our results.
2 Covariant description of the neutrino spin evolution
In this section we shall construct the quasi-classical approach for the description of the spin
evolution of a Dirac neutrino moving in a background matter under the influence of electro-
magnetic and gravitational fields. In particular, we generalize the neutrino spin evolution
equation in matter and electromagnetic fields to include the effects of the nontrivial geometry
of space-time.
Let us first remind the basic description of the neutrino spin evolution when a particle
propagates in the flat space-time and interacts with a background matter and an external
electromagnetic field Fµν . Assuming the forward scattering approximation, the covariant
equation for the four vector of the neutrino spin, Sµ, has the form [15],
dSµ
dτ
= 2µ
(
FµνSν − UµUνF νλSλ
)
+
√
2GFε
µνλρGνUλSρ, (2.1)
where Uµ is the neutrino four velocity, τ is the interval, µ is the neutrino magnetic moment,
εµνλρ is the absolute antisymmetric tensor in the Minkowski space with ε0123 = 1, and GF is
the Fermi constant. In this approximation the neutrino four velocity is constant.
The interaction with a background matter is characterized by the four vector Gµ, which
is a linear combination of hydrodynamic currents, Jµf , and polarizations, Λ
µ
f , of background
fermions of the type f ,
Gµ =
∑
f
(
q
(1)
f J
µ
f + q
(2)
f Λ
µ
f
)
. (2.2)
We shall express Jµf using the invariant number density (i.e. the density in the rest frame
of fermions), nf , and four velocity, U
µ
f , of background fermions: J
µ
f = nfU
µ
f . The explicit
expression of Λµf is given in ref. [16]. The coefficients q
(1,2)
f in eq. (2.2) were found in ref. [15].
In case we study the propagation of νe in matter consisting of electrons, protons, and neutrons
these coefficients take the form,
q
(f)
1 = I
(f)
L3 − 2Qf sin2 θW + δef , q(f)2 = −I(f)L3 − δef , (2.3)
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where I
(f)
L3 is the third component of the weak isospin of type f fermions, Qf is the value
of their electric charge, θW is the Weinberg angle, δef = 1 for electrons and vanishes for
protons and neutrons. To get these coefficients for νµ,τ interactions with the same background
fermions, we should put the symbol δef to zero in eq. (2.3).
The dynamics of the spin of an elementary particle in presence of a gravitational field
was studied in ref. [11]. To account for the influence of a nontrivial space-time geometry one
should replace d/dτ → D/Dτ in eq. (2.1), where D/Dτ is the covariant derivative along the
world line. The evolution of a spin associated with the magnetic moment interaction with
an external electromagnetic field in a curved space-time was studied in ref. [17].
The most straightforward generalization of the contribution of the neutrino-matter inter-
action in presence of an external gravitational field consists in the replacement εµνλρ → Eµνλρ
in eq. (2.1), where Eµνλρ = 1√−gε
µνλρ is the covariant antisymmetric tensor in a curved space-
time and g = det(gµν) is the determinant of the metric tensor gµν . Eventually we get the
evolution equation for the spin of a neutrino propagating in a background matter and inter-
acting with external electromagnetic and gravitational fields,
DSµ
Dτ
= 2µ
(
FµνSν − UµUνF νλSλ
)
+
√
2GFE
µνλρGνUλSρ. (2.4)
We should also remind that, despite we use the forward scattering approximation, the trajec-
tory of a neutrino is no longer a straight line while a particle moves in a curved space-time.
To account for the deflection of a trajectory one should consider the geodesic equation for
the evolution of the four velocity,
DUµ
Dτ
= 0, (2.5)
along with eq. (2.4). The validity of eq. (2.5) will be discussed in section 5.
To describe the possible polarization of background fermions in eqs. (2.2) and (2.4) we
introduce a locally Minkowskian frame,
λaf = e
a
µΛ
µ
f , (2.6)
where eaµ, a = 0, . . . , 3, are the vierbein vectors satisfying the relations
gµν = e
a
µe
b
νηab, ηab = e
µ
a e
ν
a gµν . (2.7)
Here e µa is the inverse vierbein (e
µ
a eaν = δ
µ
ν and e
µ
a ebµ = δ
b
a) and ηab = diag(1,−1,−1,−1)
is the metric tensor in the Minkowski space. The fermions polarization in the vierbein frame,
λaf , is related to the invariant fermion polarization (the polarization in the frame where
fermions are at rest), which is a three vector, ζf , by
λaf = nf
(
(ζfuf ), ζf +
uf (ζfuf )
1 + u0f
)
, (2.8)
where uaf = (u
0
f ,uf ) = e
a
µU
µ
f , cf. eq. (2.6), is the four velocity of background fermions in the
vierbein frame.
Although eqs. (2.4) and (2.5) can be used to describe the evolution of the neutrino
spin, it is more convenient to rewrite them in the vierbein frame introducing sa = eaµS
µ and
ua = eaµU
µ = (u0,u). Using eq. (2.4) we get the evolution equation for sa in the following
form:
dsa
dt
=
1
γ
[
Gabsb + 2µ
(
fabsb − uaubf bcsc
)
+
√
2GFε
abcdgbucsd
]
, (2.9)
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where Gab = ηacηbdγcdeu
e is the antisymmetric tensor accounting for the gravitational inter-
action of neutrinos, γabc = ηade
d
µ;νe
µ
b e
ν
c are the Ricci rotation coefficients, the semicolon
stays for a covariant derivative, γ = U0, ga = eaµG
µ = (g0,g) is the effective potential
of the matter interaction in the vierbein frame, and fab = e
µ
a e νb Fµν = (e,b) is the elec-
tromagnetic field tensor in the vierbein frame. To derive eq. (2.9) we use the fact that
εabcd = eaµe
b
νe
c
λe
d
ρE
µνλρ.
We can also reformulate the dynamics of Uµ in the vierbein frame. One can obtain the
following evolution equation for ua:
dua
dt
=
1
γ
Gabub. (2.10)
The details of the derivation of eqs. (2.9) and (2.10) can be found in refs. [11, 12].
Analogously to eq. (2.8) we express sa in terms of the three vector of the neutrino spin,
ζ,
sa =
(
(ζu), ζ +
u(ζu)
1 + u0
)
. (2.11)
Using eqs. (2.9) and (2.11) one finds the evolution equation for ζ as
dζ
dt
=
2
γ
[ζ ×G], (2.12)
where
G =
1
2
[
bg +
1
1 + u0
(eg × u)
]
+
GF√
2
[
u
(
g0 − (gu)
1 + u0
)
− g
]
+ µ
[
u0b− u(ub)
1 + u0
+ (e× u)
]
. (2.13)
Here eg and bg are the components of the tensor Gab: Gab = (eg,bg). To derive eq. (2.13)
we use the fact that uau
a = 1.
3 Neutrino propagation in the vicinity of a rotating black hole
In this section we describe the dynamics of neutrino spin oscillations in matter and magnetic
field when a particle moves in the vicinity of a rotating BH. First, we shall consider circular
neutrino motion and derive the effective Schro¨dinger equation as well as find the transition
probability for spin oscillations. Then, we shall analyze the radial neutrino propagation and
obtain the approximate effective Hamiltonian in this case.
The space-time of a rotating BH can be described by the Kerr metric. In Boyer-
Lindquist coordinates xµ = (t, r, θ, φ) this metric has the form,
dτ2 =
(
1− rrg
Σ
)
dt2 + 2
rrga sin
2 θ
Σ
dtdφ− Σ
∆
dr2 − Σdθ2 − Ξ
Σ
sin2 θdφ2, (3.1)
where
∆ = r2 − rrg + a2, Σ = r2 + a2 cos2 θ, Ξ =
(
r2 + a2
)
Σ+ rrga
2 sin2 θ. (3.2)
We use units where the gravitational constant is equal to one. In this case the mass of BH
M = rg/2 and its angular momentum J = Ma. Coordinates x
µ in eqs. (3.1) and (3.2)
correspond to the world frame rather than to the vierbein frame.
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One can check by means of the direct calculation that the following vectors:
e µ0 =
(√
Ξ
Σ∆
, 0, 0,
arrg√
∆ΣΞ
)
,
e µ1 =
(
0,
√
∆
Σ
, 0, 0
)
,
e µ2 =
(
0, 0,
1√
Σ
, 0
)
,
e µ3 =
(
0, 0, 0,
1
sin θ
√
Σ
Ξ
)
, (3.3)
satisfy the condition in eq. (2.7). Thus they can be taken as vierbein vectors. On the basis of
eq. (3.3), one can reproduce the vierbein vectors used in ref. [12]. Those vectors correspond
to a = 0, i.e. to a nonrotating BH.
We shall discuss the case of BH surrounded by matter forming an accretion disk. In
this case only U0f and U
φ
f are nonzero. Moreover we shall consider the stationary accretion.
By the symmetry reasons, the quantities nf , U
0
f , and U
φ
f can be functions of r and θ only.
Now let us specify the structure of the electromagnetic field. We suggest that at rela-
tively great distance from BH there is a constant and uniform magnetic field parallel to the
rotation axis of BH and having the strength B0. This magnetic field can be created by the
plasma motion in the accretion disk. The structure of the axially symmetric electromagnetic
field in a curved space-time having such an asymptotics was studied in ref. [18]. The nonzero
components of the vector potential of such a field have the form,
At = B0a
[
1− rrg
2Σ
(1 + cos2 θ)
]
, Aφ = −B0
2
[
r2 + a2 − rrga
2
Σ
(1 + cos2 θ)
]
sin2 θ. (3.4)
The electric and magnetic field strengths can be calculated on the basis of eq. (3.4) as
Fµν = ∂µAν − ∂νAµ. Note that we do not study the modification of the metric in eq. (3.1)
by the external electromagnetic field, as it was considered in ref. [19].
Using eqs. (2.13) and (3.3) we can describe the neutrino spin evolution for an arbitrary
neutrino trajectory in the gravitational field of a rotating BH. However to proceed in ana-
lytical analysis first we shall study the circular neutrino motion in the equatorial plane, i.e.
when U θ = 0, θ = pi/2, and U r = 0. Then the components of the four velocity have the form,
ua =
(
rU0
√
∆
Ξ0
, 0, 0,
UφΞ0 − arrgU0
r
√
Ξ0
)
, (3.5)
where Ξ0 = Ξ(θ = pi/2) = r
4 + a2r(r + rg).
Just for simplicity we shall consider that background matter is unpolarized. It is the case
when the temperature of background fermions is sufficiently high. Analogously to eq. (3.5)
we get that the neutrino interaction with background fermions is described by the four vector,
ga = neff
(
rU0f
√
∆
Ξ0
, 0, 0,
Uφf Ξ0 − arrgU0f
r
√
Ξ0
)
, (3.6)
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where
neff =
∑
f
q
(1)
f nf , (3.7)
is the effective number density. In eqs. (3.6) and (3.7) we assume that all types of background
fermions have the same four velocity.
Using eq. (3.3) and the formalism developed in ref. [12], we get the nonzero components
of the vectors eg and bg as
eg1 =− rg
2r2
√
Ξ0
[
U0(r2 + a2)− aUφ(3r2 + a2)
]
,
bg2 =− 1
2r2
√
∆
Ξ0
[
Uφ(2r3 − a2rg) + argU0
]
. (3.8)
Note that, if we consider the limit a → 0, eq. (3.8) reproduces the result of ref. [12], where
neutrino spin oscillations in the Schwarzschild metric were studied.
On the basis of eqs. (3.3) and (3.4) we get the nonzero components of electromagnetic
field in the vierbein frame,
e1 =
B0arg
2r2
√
Ξ0
(r2 − a2), b2 = −B0
2r2
√
∆
Ξ0
(2r3 + a2rg). (3.9)
It should be noted that, if we study a rotating BH (a 6= 0), there is a nonzero electric field
in the system (see also ref. [18]).
To find the explicit expressions for U0 and Uφ we notice that in the circular neutrino
motion u1 = u2 = 0 in eq. (3.5), i.e. a neutrino moves along the straight line in the vierbein
frame. Using the fact that uau
a = 1 and eq. (2.10) we get the following expressions for the
remaining nonzero components of ua:
eg1u
0 = bg2u
3, (u0)2 − (u3)2 = 1, (3.10)
which completely define the neutrino four velocity.
Finally, using eqs. (3.8) and (3.10), we get that
U0 =
√
2x3/2 ± α√
2x3 − 3x2 ± 2√2αx3/2
, Uφ = ± 1
rg
1√
2x3 − 3x2 ± 2√2αx3/2
, (3.11)
where x = r/rg and α = a/rg. The upper sign refers to the direct orbits, i.e. when a
neutrino corotates with BH, and the lower sign corresponds to retrograde ones (a particle
counter-rotates). Note that eq. (3.11) coincides with the analogous expression obtained in
ref. [20] on the basis of the direct solution of the geodesic eq. (2.5). We also mention that the
more general description of the test particles dynamics in the Kerr metric is given in ref. [21].
That analysis covers the motion of both massive and massless test particles on a wide range
of trajectories which include not only equatorial circular orbits.
Basing on eq. (2.12) we can reformulate the neutrino spin dynamics in the form of the
effective Schro¨dinger equation,
i
dν
dt
= Heffν, (3.12)
where the components of the wave function νT = (ν+, ν−) describe different neutrino helicity
states: ν+ corresponds to ζ parallel to u and ν− stays for ζ antiparallel to u. The effective
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Hamiltonian in eq. (3.12) has the form, Heff = −(σΩ), where σ = (σ1, σ2, σ3) are the Pauli
matrices and Ω is the vector with the nonzero components,
Ω2 =
1
2γrg
{
∓ 1√
2x3/2
− µB0rg 2
√
2x2(x− 1)± α√x(2x− 1) +√2α2
x3/2
√
2x3 − 3x2 ± 2√2αx3/2
}
,
Ω3 =
GFneff√
2γ
±U0f − rgUφf (
√
2x3/2 ± α)√
2x3 − 3x2 ± 2√2αx3/2
. (3.13)
To derive eq. (3.13) we use eqs. (3.5)-(3.11).
Supposing that B0 and neff do not depend on time, we can solve eq. (3.12) analytically.
Assuming that initially only left-polarized neutrinos are present, i.e. νT(0) = (0, 1), we get
the probability to detect a right-polarized neutrino in the form,
P (t) = Pmax sin
2
(
pi
Losc
t
)
, (3.14)
where
Pmax =
Ω22
Ω22 +Ω
2
3
, Losc =
pi√
Ω22 +Ω
2
3
, (3.15)
are the amplitude and the oscillations length.
Now we can compare our results with the findings of previous works where neutrino
oscillations in gravitational backgrounds were studied. Neutrino spin oscillations in the com-
bination of the gravitational field of a nonrotating BH, described by the Schwarzschild metric,
and a homogeneous magnetic field were studied in ref. [22]. Setting a = 0 and neff = 0 in
eqs. (3.13)-(3.15) we reproduce the result of that work.
Let us consider another class of the neutrino trajectories which imply the particle prop-
agation from a region close to BH towards infinity. We shall assume that initially neutrinos
are emitted radially. Note that, because of the symmetry reasons, a purely radial trajectory
is allowed only if a particle propagates along the rotation axis of BH. However, if one studies
an UHE particle, the deflection angle is small (see section 4 for the estimates). Therefore we
can assume that Uφ ≈ 0. As previously we shall study the equatorial neutrino motion, i.e.
U θ = 0 and θ = pi/2.
Using eqs. (3.1)-(3.3) we get the new components of the neutrino four velocity in the
vierbein frame,
ua =
(
rU0
√
∆
Ξ0
,
rU r√
∆
, 0,−argU
0
√
Ξ0
)
, (3.16)
and the nonzero components of vectors eg and bg,
eg1 = − U
0
2r2
√
Ξ0
(r2 + a2), eg3 = − argU
r
2
√
∆Ξ0
(a2 + 3r2), bg2 = −rgaU
0
2r2
√
∆
Ξ0
. (3.17)
The background matter and external electromagnetic field are supposed to have the same
configurations (see eqs. (3.6) and (3.9)).
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On the basis of eqs. (3.9), (3.16), and (3.17) we derive the components of the vector Ω,
cf. eq. (3.13), as
Ω1 =
GF√
2γ
rU r√
∆
{
g0 + g3
argU
0
√
Ξ0 + rU0
√
∆
}
,
Ω2 =
µB0
2r2Ξ0
[
(r2 − a2)a2r2g −∆r(2r3 + rga2)
]
− a
4γ
{
rgU
0
r2
√
∆
Ξ0
+
rg
Ξ0
(
1 + rU0
√
∆
Ξ0
)−1
×
[
(U0)2rg
r2
(r2 + a2)− (U
r)2r
∆2
(a2 + 3r2)
]}
,
Ω3 =− GF√
2γ
{
g0
argU
0
√
Ξ0
+ g3
[
1 +
(argU
0)2
Ξ0 + rU0
√
∆Ξ0
]}
, (3.18)
where g0 and g3 and given in eq. (3.6). Note that one has to add the law of motion to
eq. (3.18). On the basis of eq. (3.1) and supposing that neutrinos are ultrarelativistic, i.e.
dτ ≈ 0, as well as θ = pi/2 and dφ ≈ 0, we obtain that
dr
dt
≈
(
1− rg
r
)√
1 +
a2
r2 − rgr . (3.19)
Using this expression one gets the relation between U0 and U r.
Let us rewrite eq. (3.18) for UHE neutrinos, which have U0 ≫ 1. Expanding eqs. (3.18)
and (3.19) in this limit we get
Ω1 =
GFneff√
2
[
U0f
(
1− 1
x
)
+ rgU
φ
f
α
x
]
,
Ω2 =− µB0
(
1− 1
x
)
+
α
4rg
2x− 3
x7/2
√
x− 1 ,
Ω3 =− GFneff√
2
α
x2
√
1− 1
x
U0f , (3.20)
where the parameters x and α are defined after eq. (3.11). Note that in eq. (3.20) we keep
terms up to linear in α. In the next section we shall discuss some applications of our results.
4 Applications
In this section we discuss some applications of the results obtained in section 3. We shall
study both circular orbits and the radial neutrino propagation. In particular, we consider
neutrino oscillations on a circular orbit very close to BH, when the dynamics of the neu-
trino spin is determined mainly by the gravity interaction. We compare our results with
the findings of previous works. Then we discuss the effect of the suppression of spin oscil-
lations in case the neutrino interactions with gravitational and electromagnetic fields have
the comparable strengths. Finally we consider the evolution of low energy neutrinos when
both gravity, matter, and magnetic interactions equally contribute the dynamics of spin os-
cillations. Concerning radially propagating UHE neutrinos, first we shall demonstrate that
– 8 –
the direct contribution of gravity to spin oscillations is small. Then we shall analyze the
suppression of neutrino oscillations in a strong magnetic field and a relativistic accretion disk
around a Kerr BH.
First let us discuss a neutrino orbit close to BH. We also suppose that the contribution
of gravity to the neutrino spin evolution is dominant. Using eq. (3.13), we get that this
approximation is valid if
B0 ≪ 1.1× 1010 ×
(
µ
10−12 µB
)−1( M
M⊙
)−1
G, neff ≪ 7.4× 1026 ×
(
M
M⊙
)−1
cm−3, (4.1)
where µB is the Bohr magneton and M⊙ = 2× 1033 g is the solar mass.
Note that, in the considered case, oscillations are in resonance since Pmax ≈ 1. Using
eq. (3.15) we get that
Losc = 2pirg
2x3 ±√2αx3/2√
2x3 − 3x2 ± 2√2αx3/2
. (4.2)
It is interesting to compare eq. (4.2) with the analogous expression found in ref. [13], where
neutrino spin oscillations in Kerr background were studied. There is a significant discrepancy
of Losc in eq. (4.2) and Losc found in ref. [13] for orbits corresponding to small x ∼ 1.
Nevertheless the asymptotic value of Losc at x≫ 1, derived in our work, coincides with the
result of ref. [13]. Such a discrepancy of the results may be explained by the fact that the
authors of ref. [13] seemed to adopt the incorrect law of motion of a neutrino on a circular
orbit, cf. ref. [20]. Moreover, apparently only counter-rotating neutrinos were taken into
account in ref. [13].
In figure 1 we present the dependence pirg/Losc = |Ω2|rg versus x = r/rg for different
values of α. It can be seen that for retrograde orbits the maximal value of |Ω2| decreases
with α, whereas for direct orbits this value increases with α.
If we discuss the maximal possible angular momentum of BH corresponding to α = 1/2,
we get from figure 1 that for a direct neutrino orbit with r ≈ rg, the frequency of neutrino spin
oscillations reaches its maximal value Ω+2 ≈ 0.12r−1g . For a retrograde orbit with r ≈ 2.60rg
we get the maximal frequency Ω−2 ≈ 0.05r−1g . Considering BH with M = 10M⊙, we obtain
the corresponding oscillations lengths, L+osc ≈ 7.85×107 cm and L−osc ≈ 1.88×108 cm. On the
basis of these oscillations lengths one gets the times of the neutrino spin-flip, Tsf = Losc/2,
as T+sf ≈ 1.31× 10−3 s and T−sf ≈ 3.13× 10−3 s.
Note that for α = 1/2 the minimal possible radius of a stable retrograde orbit is equal
to rmin = 4.5rg [20]. Therefore the obtained Ω
−
2 corresponds to an unstable orbit. In case of
a direct orbit rmin → rg/2. In figure 1 we get that in this case Ω2 = 0.
Now let us consider the neutrino spin evolution under the influence of both gravitational
and external magnetic fields. Using eqs. (3.13)-(3.15), one finds that at certain strength of
the magnetic field, neutrino spin oscillations can be suppressed. It happens when Ω2 = 0. Of
course, here we assume that the density of background matter is small but nonvanishing for
the total Hamiltonian to be nonzero. Let us discuss the case when a neutrino corotates with
BH and µ < 0. In figure 2 we show such a radius of the neutrino orbit Rν , at which Ω2 = 0,
versus the absolute value of the parameter β = µB0rg. Here we consider a particular case
corresponding to α = 1/2.
To get some estimates, we take that the BH massM = 10M⊙ and the neutrino magnetic
moment |µ| = 10−12µB. This value of µ is consistent with the astrophysical upper bound for
the magnetic moment of a Dirac neutrino derived in ref. [23]. Using figure 2, we obtain that,
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Figure 1. The function pirg/Losc = |Ω2|rg versus x = r/rg for α = 0, 0.25, and 0.5. The case
α = 0 (solid line) corresponds to a nonrotating BH, described by the Schwarzschild metric, previously
studied in ref. [12]. For α 6= 0, dashed lines are depicted for direct orbits and dash-dotted lines for
retrograde ones.
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Figure 2. The radius of the neutrino orbit Rν corresponding to the suppression of neutrino spin
oscillations (Ω2 = 0) versus the absolute value of β = µB0rg. This plot was built for a direct neutrino
orbit, µ < 0, and α = 1/2.
at B0 ∼ (109−1010)G, spin oscillations can be suppressed for a neutrino moving close to BH
on the orbit with Rν ∼ rg. It should be noted that for other types of the neutrino motion, e.g.,
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corresponding to retrograde orbits, Ω2 always differs from zero, i.e. the described suppression
does not take place.
Let us consider the situation when the matter contribution to the dynamics of neutrino
oscillations is significant. At this moment we have to specify the law of motion of background
fermions in an accretion disk. We discuss the situation when the motion of background
fermions is affected mainly by the gravity. It can happen if the magnetic field in the system
is weak. Thus, the fermions should move along geodesic lines. Using eq. (3.13) and the
analog of eq. (3.11) for U0f and U
φ
f , one gets that the resonance in neutrino oscillations (i.e.,
the situation when Ω3 ≈ 0) can take place when the accretion disk and neutrinos rotate in
the same direction. If this situation is implemented, neutrinos and background fermions are
at rest with respect to each other. In other cases neutrino oscillations are suppressed.
Now we discuss the case when the contributions to the dynamics of spin oscillations from
both matter, a magnetic field, and the gravity are of the similar size. In this situation we
have to study large neutrino orbits. Note that background fermions, which can be electrically
charged, should be also involved in the electromagnetic interaction. Thus the motion of the
fermions can be far from geodesics. Therefore we have to account for their law of motion
relying on a phenomenological model of an accretion disk. We can suppose that background
matter is nonrelativistic and rotates with the constant angular velocity, i.e. Uµf = (1, 0, 0, ωf ).
Other models of accretion disks are described in the recent review [24].
At large distance from BH the components of the vector Ω have the form,
Ω2 =∓ 1
2
√
2rgx3/2
− µB0 + · · · ,
Ω3 =− GFneff√
2
{
rgωf ∓ 1√
2x3/2
[1 + rgωf (1− α)]
}
+ · · · , (4.3)
Using eqs. (3.15) and (4.3) we get that the resonance in neutrino oscillations is achieved when
a particle moves on the direct orbit with
Rν ≈ 0.79r1/3g ω−2/3f [1 + rgωf (1− α)]2/3 . (4.4)
In this case we obtain the following expression for the oscillations length:
Losc = pi
∣∣∣µB0 + ωf
2
[1 + rgωf (1− α)]
∣∣∣−1 , (4.5)
on the basis of the general expression (3.15).
Let us consider BH with M = 10M⊙ surrounded by an accretion disk with the inner
Rin ≈ 1.6R⊙ and outer Rout ≈ 8R⊙ radii (see, e.g., ref. [25]), where R⊙ = 7 × 1010 cm is
the solar radius. Suppose that a low energy neutrino moves inside this accretion disk on the
orbit with Rν = 5R⊙. We also assume that accretion disk rotates with ωf ≈ 2 × 10−8r−1g .
In this case background matter is nonrelativistic since its velocity does not exceed ωfRout ≈
3.7×10−3. For such a parameters of an accretion disk, the resonance condition in eq. (4.4) is
fulfilled. It should be noted that, for the chosen parameters, the BH rotation weakly affects
the resonance condition and the expression of the oscillations length in eqs. (4.4) and (4.5).
Analogously to the previous estimate, we suppose that µ = 10−12µB. We also assume
that the magnetic field on the neutrino trajectory is B0 = 10G. It means that in the vicinity
of BH the magnetic field should reach B0(Rν/rg)
3 ≈ 1.6 × 1016G. For such parameters we
get that µB0 ≈ ωf/2, i.e. magnetic interaction can also influence neutrino spin oscillations.
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Note that magnetic fields ∼ 1016G can be present in some compact astrophysical objects
(see, e.g., ref. [26]). Using eq. (4.5) we get the typical time for the neutrino spin-flip Tsf ≈
1.3 × 104 s ∼ 10−3 yr for the chosen parameters. This time scale of neutrino oscillations is
much shorter than characteristic time of the strong magnetic field decay found in ref. [26].
Thus, neutrinos will experience multiple transitions between active and sterile states.
The most probable application of spin oscillations of neutrinos moving on closed orbits
around BH is the description of low energy particles which can gravitationally cluster around
massive astrophysical objects. Note that massive sterile neutrinos can contribute to warm
dark matter [27]. Neutrinos can also interact with new bosonic dark matter particles. Al-
though the form of this interaction is still unclear, there are some phenomenological models
which involve only left-handed neutrino chiral projections (see, e.g., ref. [28]). Therefore, if
there are multiple transitions between left- and right-polarized states under the influence of
gravitational and magnetic fields as well as background matter, as described in our work, the
rates of interaction of such neutrinos with bosonic dark matter particles can be up to two
times reduced. It can have an implication for the calculation of the mean free path of these
neutrinos [28].
As we have seen, the effects related to spin oscillations of neutrinos moving on closed
orbits around BH are rather difficult to observe. Thus, let us study the situation when
particles escape the BH region. The analytical description of spin oscillations is possible for
UHE neutrinos since we can neglect the deflection of the trajectory. We can evaluate the
deflection angle as δφ ∼ α/(Eνrg). Taking M = 10M⊙, α = 0.5, and the neutrino energy
Eν = 10
9GeV, we get that δφ ∼ 10−30 ≪ 1.
First, we shall consider the case when only the neutrino interaction with gravity is
present. In this situation only Ω2 6= 0 in eq. (3.20). The transition probability for ν+ ↔ ν−
oscillations can be calculated as
P (x) = sin2(Φ), Φ(x) =
∫ x
x0
dx′
x′
x′ − 1rgΩ2(x
′), (4.6)
where the additional factor x′/(x′ − 1) in the integrand is owing to the law of motion in
eq. (3.19). To derive eq. (4.6) we take into account that, in the linear approximation in α,
the neutrino trajectory in the vierbein frame is a straight line along the first axis.
The function P (x) for x0 = 1.5 is shown in figure 3. Although the motion of a test
particle in the Kerr metric is allowed even for smaller x, one should not choose the values of
the initial radial coordinate in the range 0.5 < x0 < 1.5 since the deflection of the trajectory
can be significant. One can see in figure 3 that the maximal transition probability for α = 0.5
is ∼ 0.1%, that is small. Nevertheless, if one considers the neutrino emission from regions
close the BH surface and accounts for the effects nonlinear in α, the resulting transition
probability can reach significant values. However, this situation requires a special analysis of
exact solutions of the geodesic equation (2.5) or (2.10).
Note that the description of the evolution of UHE neutrinos in external fields can be
important for explanation of the deficit of UHE neutrinos in cosmic rays reported in ref. [29].
These UHE neutrinos can be emitted in gamma ray bursts or from active galactic nuclei,
where both dense matter, strong magnetic and gravitational fields are present. Recently
various possible solutions of the deficit of UHE neutrinos were proposed. Some of them
are based on the attenuation of the neutrino flux because of the scattering off bosonic dark
matter particles [28], oscillations between active and hypothetical sterile neutrinos which
are quasi-degenerate in masses [30], and the neutrino decay [31]. A more plausible solution
– 12 –
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Figure 3. The transition probability for spin oscillations of radially moving neutrinos in the
gravitational field of rotating BH. Here we take that x0 = 1.5. The solid line corresponds to α = 0.5
and the dashed line to α = 0.25. The quantities P∞ stay for the asymptotic values of the transition
probability at x≫ x0.
involves neutrino spin oscillations in strong magnetic fields [32]. The authors of ref. [32] used
an important assumption of the small contribution of matter interaction to the neutrino spin
evolution to obtaint the enhancement of the transition probability.
To analyze the neutrino spin precession in external fields more carefully, we shall consider
UHE neutrinos produced in the vicinity of a rotating BH surrounded by an accretion disk. As
we have seen, the direct gravity contribution to the dynamics of spin oscillations is small and
can be omitted. Using eq. (3.20) as well as the analog of linearized eq. (3.11) for background
fermions, we get the components of the vector Ω,
Ω1 =
GFneff√
2x3 − 3x2
[
x3/2
(
1− 1
x
)
∓ αx
2
√
2(2x3 − 3x2)
]
,
Ω2 =− µB0
(
1− 1
x
)
,
Ω3 =−GFneff α
√
x− 1
x
√
2x3 − 3x2 , (4.7)
where the upper sign corresponds to corotating BH and an accretion disk and the lower sign
to counter-rotating ones. Taking into account eq. (3.19), one gets the effective Schro¨dinger
equation
i
dν
dx
= Heffν, Heff = − x
x− 1rg(σΩ). (4.8)
Since UHE neutrinos propagate along the first axis in the vierbein frame, the normalized
wave functions corresponding to right- and left-polarized states read, νT± = (1,±1)/
√
2.
To analyze eq. (4.8) we assume that B0(x) = 10
12G/x3. This dependence corresponds
to a dipole magnetic field. The accretion disk is supposed to consist of hydrogen plasma with
the mass density ρ = 102 g · cm−3. Note that this value of the accretion disk density is rather
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Figure 4. The transition probabilities for ν− ↔ ν+ oscillations versus the distance corresponding to
the numerical solutions of eq. (4.8). (a) The case when only the magnetic interaction is present. (b-d)
The situation when besides the magnetic field one has the neutrino interaction with an accretion disk;
the panel (b) corresponds to α = 0 (Schwarzschild BH), the panel (c) is plotted for α = 0.25, and the
panel (d) for α = 0.5. The inset in panel (d) shows the behavior of P (x) at small x− x0.
moderate. Much denser disks are discussed in ref. [33]. BH is taken to have M = 10M⊙. We
also suppose that µ = 10−12µB and consider counter-rotating BH and the accretion disk.
The corresponding transition probabilities are shown in figure 4. First we notice that
the ratio of magnetic and matter interactions µB0(1)/GFneff ∼ 103. One may expect (as,
e.g., in ref. [32]) that the transition probability would be great since the matter interaction
could be neglected. Indeed, one can see in figure 4(b) that it is the case for a nonrotating
BH since P∞ ∼ 0.5. As an example, we also present the transition probability for a purely
magnetic neutrino interaction in figure 4(a), for which one has P∞ ∼ 0.7. However, as one
can see in figures 4(c) and 4(d), the transition probability can be significantly suppressed for
a rotating BH. Therefore the statement of ref. [32] that the amplitude of neutrino oscillations
is almost equal to one, does not seem to be fully correct since the neutrino interaction with a
relativistic accretion disk can significantly diminish the transition probability in some cases.
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5 Summary and discussion
In conclusion we mention that in the present work we have developed the most general
approach for the description of neutrino spin oscillations in matter under the influence of
gravitational and electromagnetic fields. This approach is valid for the description of neutrino
oscillations in arbitrary gravitational and electromagnetic fields as well as in background
matter with arbitrary configuration of velocities and polarizations.
In section 2 we have generalized the relativistic equation for the description of the
neutrino spin evolution in various external fields. Previously the particle spin dynamics in
an external field was studied in refs. [11, 12, 15–17]. However we have included to this
equation the contribution of the neutrino interaction with background fermions by means
of the electroweak forces when particles propagate in a curved space-time, cf. eq. (2.4). It
should be mentioned that the connection of electroweak and gravitational interaction was
also studied, e.g., in ref. [34]. Then we have rewritten this equation in the form, convenient
for the description of the neutrino polarization, see eqs. (2.12) and (2.13).
It should be noted that in section 2 we supposed that a spinning particle moves along
a geodesic line in a curved space-time, cf. eq. (2.5). In general case this approximation is
not valid. This fact was first mentioned in ref. [10]. The analysis of the influence of the spin
on the particle motion was further developed in ref. [35] using the pseudoclassical action in
which the spin degrees of freedom are represented as Grassmann variables. Nevertheless, as
was found in ref. [35], in realistic cases, the deviation of the particle motion from geodesics is
small. This problem was also analyzed in ref. [11], where it was stated that considering the
parallel transport of the spin along the particle world line is the only possibility to construct
an evolution equation linear in the spin. We also mention that the effects of the spin-orbit
coupling can be sizable for a supermassive BH inside a dense star cluster (see, e.g., ref. [36]).
To proceed, in section 3, we have discussed the neutrino motion in the vicinity of a
rotating BH surrounded by the accretion disk and in the presence of an external magnetic
field. Supposing that a neutrino moves on a circular orbit, we have obtained the transition
probability for spin oscillations, see eqs. (3.13)-(3.15).
Spin oscillations of a Dirac neutrino in the Schwarzschild background under the influence
of an external magnetic field were previously studied in ref. [22] using the approach, developed
in ref. [37] to account for the Mashhoon effect [38] for a spin-1/2 particle in an external
magnetic field. Choosing a suitable tetrade, the transition probability for neutrino oscillations
was obtained in ref. [22] using the decomposition of the Dirac Hamiltonian. Note that the
transition probability derived in ref. [22] for a circular neutrino orbit in the Schwarzschild
metric is consistent with that obtained in our previous paper [12].
The advantage of the description of neutrino spin oscillations based on the quasiclassical
evolution eqs. (2.10) and (2.13) (see also refs. [11, 12]) compared to the approach of ref. [22]
consists in the fact that one does not need to deal with a Dirac equation in a curved space-
time. Within our formalism, the effective Hamiltonian, which is used for the description of
neutrino oscillations, can be derived in a straightforward way if the components of a metric
tensor are given.
Nevertheless, as we have mentioned in section 3, the results obtained in the present
work are in agreement with that of ref. [22], if we discuss a nonrotating BH and neglect
the neutrino interaction with background matter. However, since here we have described
neutrino oscillations in more general backgrounds, our results should have wider applicability
for the studies of the neutrino evolution in realistic astrophysical media such as BHs in binary
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systems, quasars, and active galactic nuclei.
In section 3, we have also developed an approximate treatment of spin oscillations of
UHE neutrinos supposing that these particles propagate radially. We have obtained the
components of the vector Ω which determine the effective Hamiltonian. This result is used
in section 4 to study spin oscillations of UHE neutrinos emitted in gamma ray bursts.
In section 4 we have discussed some particular neutrino trajectories. Firstly, we have
studied neutrino oscillations on a circular orbit quite close to BH, with the effect of gravity
being dominant. We have obtained the oscillations length, see eq. (4.2). Basing on this
expression we have corrected the results of ref. [13], where analogous expression was derived.
We have also discussed the possibility of the suppression of neutrino oscillations when the
contributions to the dynamics of the neutrino spin from gravity and electromagnetic field are
comparable. Then we have studied neutrino spin oscillations when a particle moves on the
orbit with big radius. In this case the contributions of all external fields are of the similar
magnitude. Considering the specific characteristics of BH and the accretion disk, we have
pointed out that our results may be applied for the description of the spin dynamics of low
energy neutrinos. In particular, the interaction of these neutrinos with bosonic dark matter
particles, proposed in ref. [28], can be significantly influenced if neutrinos experience multiple
transitions between left- and right-polarized states.
In section 4, we have also studied the radial propagation of UHE neutrinos. It has been
shown that the direct contribution of gravity to the dynamics of neutrino spin oscillations
is small. However, we have demonstrated that the indirect contribution of gravitational
interaction, which affects the motion of background fermions, can significantly change the
behavior of the transition probability. We have discussed UHE neutrinos emitted close to a
Kerr BH. These particles were taken to propagate through the relativistic accretion disk and
interact with a strong magnetic field. In some situations the transition probability can be
significantly suppressed. This result corrects the statement of ref. [32] that the amplitude of
the transition probability for spin oscillations of UHE neutrinos in a strong magnetic field is
close to one.
Acknowledgments
I am thankful to V. B. Semikoz for helpful discussions and to FAPESP (Brazil) for a grant.
References
[1] C. Giunti and C. W. Kim, Fundamentals of Neutrino Physics and Astrophysics, Oxford
University Press, Oxford U.S.A. (2007).
[2] A. Heger, C.L. Fryer, S.E. Woosley, N. Langer and D.H. Hartmann, How massive single stars
end their life, Astrophys. J. 591 (2003) 288 [astro-ph/0212469].
[3] H.-T. Janka, Explosion mechanisms of core-collapse supernovae, Ann. Rev. Nucl. Part. Sci. 62
(2013) 407 [arXiv:1206.2503].
[4] D.R. Brill and J.A. Wheeler, Interaction of neutrinos and gravitational fields, Rev. Mod. Phys.
29 (1957) 465.
[5] Y.Q. Cai and G. Papini, Neutrino helicity flip from gravity-spin coupling, Phys. Rev. Lett. 66
(1991) 1259.
[6] D. Pı´riz, M. Roy and J. Wudka, Neutrino oscillations in strong gravitational fields, Phys. Rev.
D 54 (1996) 1587 [hep-ph/9604403].
– 16 –
[7] C.Y. Cardall and G.M. Fuller, Neutrino oscillations in curved spacetime: A heuristic
treatment, Phys. Rev. D 55 (1997) 7960 [hep-ph/9610494].
[8] S. Capozziello, M. De Laurentis and D. Vernieri, Neutrino oscillation phase dynamically
induced by f(R)-gravity, Mod. Phys. Lett. A 25 (2010) 1163 [arXiv:1001.4173].
[9] RENO collaboration, J.K. Ahn et al., Observation of reactor electron antineutrino
disappearance in the RENO experiment, Phys. Rev. Lett. 108 (2012) 191802 [arXiv:1204.0626].
[10] A. Papapetrou, Spinning test-particles in general relativity. I, Proc. R. Soc. Lond. A 209
(1951) 248.
[11] A.A. Pomeranski˘ı and I.B. Khriplovich, Equations of motion of a spinning relativistic particle
in external fields, J. Exp. Theor. Phys. 86 (1998) 839 [gr-qc/9710098].
[12] M. Dvornikov, Neutrino spin oscillations in gravitational fields, Int. J. Mod. Phys. D 15 (2006)
1017 [hep-ph/0601095].
[13] S.A. Alavi and S.F. Hosseini, Neutrino spin oscillations in gravitational fields, Grav. Cosmol.
19 (2013) 129 [arXiv:1108.3593].
[14] C. Broggini, C. Giunti and A. Studenikin, Electromagnetic properties of neutrinos, Adv. High
Energy Phys. 2012 (2012) 459526 [arXiv:1207.3980].
[15] M. Dvornikov and A. Studenikin, Neutrino spin evolution in presence of general external fields,
JHEP 09 (2002) 016 [hep-ph/0202113].
[16] A.E. Lobanov and A.I. Studenikin, Neutrino oscillations in moving and polarized matter under
the influence of electromagnetic fields, Phys. Lett. B 515 (2001) 94 [hep-ph/0106101].
[17] A.B. Balakin, V.R. Kurbanova and W. Zimdahl, Parametric phenomena of the particle
dynamics in a periodic gravitational wave field, J. Math. Phys. 44 (2003) 5120 [gr-qc/0309049].
[18] R.M. Wald, Black hole in a uniform magnetic field, Phys. Rev. D 10 (1974) 1680.
[19] F.J. Ernst, Black holes in a magnetic universe, J. Math. Phys. 17 (1976) 54.
[20] J.M. Bardeen, W.H. Press and S.A. Teukolsky, Rotating black holes: Locally nonrotating
frames, energy extraction, and scalar synchrotron radiation, Astrophys. J. 178 (1972) 347.
[21] I.G. Dymnikova, Motion of particles and photons in the gravitational field of a rotating body,
Sov. Phys. Usp. 29 (1986) 215.
[22] F. Sorge and S. Zilio, Neutrino spin flip around a Schwarzschild black hole, Class. Quantum
Grav. 24 (2007) 2653.
[23] A.V. Kuznetsov, N.V. Mikheev and A.A. Okrugin, Reexamination of a bound on the Dirac
neutrino magnetic moment from the supernova neutrino luminosity, Int. J. Mod. Phys. A 24
(2009) 5977 [arXiv:0907.2905].
[24] M.A. Abramowicz and P.C. Fragile, Foundations of black hole accretion disk theory, Living
Rev. Rel. 16 (2013) 1 [arXiv:1104.5499].
[25] S. Perez and K.M. Blundell, SS 433’s circumbinary ring and accretion disc viewed through its
attenuating disc wind, Mon. Not. R. Astron. Soc. 408 (2010) 2 [arXiv:1003.2398].
[26] J.S. Heyl and S.R. Kulkarni, How common are magnetars? The consequences of magnetic-field
decay, Astrophys. J. 506 (1998) L61 [astro-ph/9807306].
[27] J. Lesgourgues and S. Pastor, Neutrino mass from cosmology, Adv. High Energy Phys. 2012
(2012) 608515 [arXiv:1212.6154].
[28] G. Mangano, A. Melchiorri, P. Serra, A. Cooray and M. Kamionkowski, Cosmological bounds
on dark-matter-neutrino interactions, Phys. Rev. D 74 (2006) 043517 [astro-ph/0606190].
[29] IceCube collaboration, R. Abbasi et al., An absence of neutrinos associated with cosmic ray
– 17 –
acceleration in gamma-ray bursts, Nature 484 (2012) 351 [arXiv:1204.4219].
[30] A. Esmaili and Y. Farzan, Implications of the pseudo-Dirac scenario for ultra high energy
neutrinos from GRBs, JCAP 12(2012)014 [arXiv:1208.6012].
[31] P. Baerwald, M. Bustamante and W. Winter, Neutrino decays over cosmological distances and
the implications for neutrino telescopes, JCAP 10(2012)020 [arXiv:1208.4600].
[32] J. Barranco, O.G. Miranda, C.A. Moura and A. Parada, A reduction in the UHE neutrino flux
due to neutrino spin precession, Phys. Lett. B 718 (2012) 26 [arXiv:1205.4285].
[33] A.I. MacFadyen and S.E. Woosley, Collapsars: Gamma-ray bursts and explosions in “failed
supernovae”, Astrophys. J. 524 (1999) 262 [astro-ph/9810274].
[34] F.W. Hehl, P. Von Der Heyde, G.D. Kerlick and J.M. Nester, General relativity with spin and
torsion: Foundations and prospects, Rev. Mod. Phys. 48 (1976) 393.
[35] R.H. Rietdijkt and J.W. van Holten, Spinning particles in Schwarzschild spacetime, Class.
Quantum Grav. 10 (1993) 575.
[36] K.S. Thorne and J.B. Hartle, Laws of motion and precession for black holes and other bodies,
Phys. Rev. D 31 (1985) 1815.
[37] G. Papini and G. Lambiase, Spin–rotation coupling in muon g − 2 experiments, Phys. Lett.
A 294 (2002) 175 [gr-qc/0106066].
[38] B. Mashhoon, Neutron interferometry in a rotating frame of reference, Phys. Rev. Lett. 61
(1988) 2639.
– 18 –
